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10.10. $07;>65=85 GёB=>9 DC=:F88 2 @O4 (C@L5. 
10.11. $07;>65=85 =5GёB=>9 DC=:F88 2 @O4 (C@L5. 
10.12. $07;>65=85 DC=:F89 2 @O4 (C@L5 =0 ?@>872>;L=>< ?@><56CB:5. 
10.13. �>>?@545;5=85 DC=:F88 4;O @07;>65=8O 2 @O4 (C@L5. 

$0745; 11. &5>@8O DC=:F89 :><?;5:A=>9 ?5@5<5==>9.  
11.1 . #>=OB85 DC=:F88 :><?;5:A=>3> ?5@5<5==>3>. �59AB28B5;L=0O 8 <=8<0O G0ABL 

DC=:F88. 
11.2. "A=>2=K5 M;5<5=B0@=K5 DC=:F88. �E A2>9AB20 8 2KG8A;5=85. 
11.3. 'A;>28O �>H8-$8<0=0. �=0;8B8G=>ABL DC=:F88. 
11.4. �8DD5@5=F8@>20=85 DC=:F88 :><?;5:A=>3> ?5@5<5==>3>. 
11.5. �=B53@8@>20=85 DC=:F88 :><?;5:A=>3> ?5@5<5==>3>. 
11.6. $07;>65=85 DC=:F88 2 @O4 �>@0=0. "BKA:0=85 :>MDD8F85=B>2. 
11.7. "A>1K5 B>G:8 DC=:F88. 
11.8. �KG5BK 8 8E ?@8;>65=8O. 

$0745; 12. "?5@0F8>==>5 8AG8A;5=85  

12.1. "?5@0F8>==>5 8AG8A;5=85. #@5>1@07>20=85 �0?;0A0. "@838=0; 8 87>1@065=85. 
12.2. �A?>;L7>20=85 B01;8FK >@838=0;>2 8 87>1@065=89. 
12.3. &5>@5<K @07;>65=8O. 
12.4.  #@8;>65=8O >?5@0F8>==>3> 8AG8A;5=8O : @5H5=8N 48DD5@5=F80;L=KE C@02=5=89. 

 

3.10 &<CB6O9 CD4>F<K9E><9 ;484A<S > Q>;4@9AG 
(4;O >F5=:8 C<5=89, =02K:>2 8 (8;8) >?KB0 45OB5;L=>AB8) 

 

$0A?@545;5=85 ?@0:B8G5A:8E 7040=89 : M:70<5=0< =0E>48BAO 2 70:@KB>< 4;O 
>1CG0NI8EAO 4>ABC?5. $07@01>B0==K5 :><?;5:BK B8?>2KE ?@0:B8G5A:8E 7040=89 : M:70<5=0< 
=5 2KAB02;ONBAO 2 M;5:B@>==CN 8=D>@<0F8>==>->1@07>20B5;L=CN A@54C �01��& �@�'#%, 0 
E@0=OBAO =0 :0D54@5-@07@01>BG8:5 2 A>AB025 ("% ?> 48AF8?;8=5. 

!865 ?@82545=K >1@07FK B8?>2KE ?@0:B8G5A:8E 7040=89 : M:70<5=0<. 
 

 



"1@07FK B8?>2KE ?@0:B8G5A:8E 7040=89 : M:70<5=C 
(>G=0O D>@<0 >1CG5=8O 3 2 A5<5AB@, 70>G=0O D>@<0 >1CG5=8O 3 :C@A 1 A5AA8O ;5B=OO) 

 

1. !09B8 =5>?@545;5==K5 8=B53@0;K. � 42CE ?5@2KE ?@8<5@0E ?@>25@8BL @57C;LB0BK 
48DD5@5=F8@>20=85<. 
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2. �KG8A;8BL ?;>I04L >1;0AB8, >3@0=8G5==>9 ;8=8O<8.  
0) 3,52 ýý xyxy ;              

1) 
5,

2
,1

2
2 ýýý y

x
yxy

. 

3. !09B8 ?;>I04L M;;8?A0 
1

2

2

2

2

ý
b

y

a

x

.   

4. !09B8 ?;>I04L :0@48>84K (1 cos ).aò ý   

5. !09B8 4;8=C 4C38  ;8=88  ln siny xý   ?@8  3 2
x ü ü

. 

6. !09B8 4;8=C @0725@B:8 >:@C6=>AB8  

(cos sin );

(sin cos ).

x R t t t

y R t t t

ý ü
ý ý þ  

7. !09B8 ?;>I04L ?>25@E=>AB8 AD5@K  
2222

Rzyx ý
. 

8. !09B8 >1Jё< H0@0  
2222

Rzyx ó
. 

9. !09B8 >1;0AB8 >?@545;5=8O A;54CNI8E DC=:F89 8 A45;0BL G5@B568: 

0) 
229 yxz ý

;                        1) ø ù21 yxz ý
; 

2) ø ùyxz ý ln ;                            3) arccosz x yý  . 

10. !09B8 ;8=88 C@>2=O A;54CNI8E DC=:F89: 

0) ø ù22ln yxz ý ;         1) ø ùxyz arcsiný ;          2) 
22 4yxz ý . 

11. !09B8 ?>25@E=>AB8 C@>2=O DC=:F89: 

0) zyxu ý ;                                   1) 
222

zyxu ý .       

12. !09B8 B>G:8 @07@K20 DC=:F89: 
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13. �0=0 DC=:F8O 
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14. �0=0 DC=:F8O 
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15. �0=0 DC=:F8O )12ln( 22 ý xyxz . #>:070BL, GB> 
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16. �0=0 DC=:F8O 
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ez ý . #>:070BL, GB> 
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17. �0=0 DC=:F8O )ln( y
exz
ý . #>:070BL, GB> 
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18. �0=0 DC=:F8O y
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. #>:070BL, GB> 
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19. �0=0 DC=:F8O  ),,( yxfz ý B>G:0  ),( 00 yxA
 8 25:B>@  21 , aaa ý . !09B8: 

1)  grad z 2 B>G:5 �;  

2) ?@>872>4=CN 2 B>G:5 � ?> =0?@02;5=8N 25:B>@0  а . 

z = 3x2y2 + 5xy2;          A(1; 1),        
 1;2ýа

. 

20. �AA;54>20BL =0 M:AB@5<C< A;54CNI85 DC=:F88: 

0) 206922 ý yxyxyxz ;                   1) yxyxyz 62 ý
. 

21. #5@59B8 : ?>;O@=K< :>>@48=0B0< 8 2KG8A;8BL 42>9=>9 8=B53@0; 
2 2

(D)

dxdy
,

x y


 345  
(D) 7040=> =5@025=AB20<8 x2 + y2 ó 2x + 2y, x2 + y2  4. 

22. �KG8A;8BL 42>9=>9 8=B53@0; (D)

y tgxdxdy,
 345 >1;0ABL (D) 7040=0 =5@025=AB20<8  

0 < x < ô2,  tgx ó y ó 2tgx, ctgx ó y ó 3ctgx, A45;02 =04;560ICN 70<5=C ?5@5<5==KE. 
23. !09B8 ?;>I04L D83C@K, 7040==>9 =5@025=AB20<8 3 2sin2 ,óòó   0 2ó ó   2 ?>;O@=KE 
:>>@48=0B0E. 
24. !09B8 >1J5< V B5;0 &, >3@0=8G5==>3> ?>25@E=>ABO<8 x2 + y2 = 4, z = 8 3 x2 3 y2,  z = 0. 

25. !09B8 ?;>I04L ?>25@E=>AB8 (), 7040==>9 A>>B=>H5=8O<8 z = x2 + y2, z ó 4 . 

 

"1@07FK B8?>2KE ?@0:B8G5A:8E 7040=89 : M:70<5=C 
(>G=0O D>@<0 >1CG5=8O 3 3 A5<5AB@, 70>G=0O D>@<0 >1CG5=8O 3 :C@A 2 A5AA8O 78<=OO) 

 

1. �AA;54>20BL =0 AE>48<>ABL G8A;>2K5 @O4K A ?>;>68B5;L=K<8 G;5=0<8 I, II. �AA;54>20BL =0 
01A>;NB=CN 8 CA;>2=CN AE>48<>ABL @O4 III. !09B8 >1;0ABL AE>48<>AB8 DC=:F8>=0;L=>3> 
@O40 IV. 
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2. �AA;54>20BL =0 AE>48<>ABL G8A;>2K5 7=0:>?>;>68B5;L=K5 @O4K:  
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3. !09B8 >1;0ABL AE>48<>AB8 DC=:F8>=0;L=>3> @O40 
õ
õ

ý 1 )2)(1(

1

n
n

xn . 

4. !09B8 A B>G=>ABLN 4> 
310 

 >?@545;5==K9 8=B53@0; 


2,0

0

2

2
cos dx

x

. 

5. �KG8A;8BL 1sin  A B>G=>ABLN 4> 
310 

. 

6. �KG8A;8BL 3sin  A B>G=>ABLN 4> 
310 

. 

7. �KG5@B8BL >1;0ABL, 7040==CN =5@025=AB20<8: 

. 

8. �KG5@B8BL >1;0ABL, 7040==CN =5@025=AB20<8: 

. 

9. �KG8A;8BL 8=B53@0;: 

. 

10. $07;>68BL 2 @O4 (C@L5 DC=:F8Ny= x2, 2 8=B5@20;5 x . 

11. "?@545;8BL 2KG5B DC=:F88 f(z)= tgz . 

12. "?@545;8BL 2KG5B DC=:F88 f(z)=  , 2 >A>1>9 B>G:5z0=1. 

13.  5B>4>< >?5@0F8>==>3> 8AG8A;5=8O =09B8 G0AB=>5 @5H5=85 48DD5@5=F80;L=>3> 
C@02=5=8O:x'+5x= 2, C4>2;5B2>@ONI55 =0G0;L=><C CA;>28N x(0)=1. 

14.  5B>4>< >?5@0F8>==>3> 8AG8A;5=8O =09B8 G0AB=>5 @5H5=85 48DD5@5=F80;L=>3> 
C@02=5=8O:x'''-2x''+x' = 4, C4>2;5B2>@ONI55 =0G0;L=K< CA;>28O<x(0)=1, x'(0)=2, x''(0)= -1. 

15.  5B>4>< >?5@0F8>==>3> 8AG8A;5=8O =09B8 G0AB=>5 @5H5=85 A8AB5<K 48DD5@5=F80;L=KE 
C@02=5=89: 

, 

C4>2;5B2>@ONI55 7040==K< =0G0;L=K< CA;>28O<: x(0)=0, y(0)=1. 

16.  5B>4>< >?5@0F8>==>3> 8AG8A;5=8O =09B8 G0AB=>5 @5H5=85 A8AB5<K 48DD5@5=F80;L=KE 
C@02=5=89: 

 , 

C4>2;5B2>@ONI55 7040==K< =0G0;L=K< CA;>28O<: x(0)=1, y(0)=0. 

17. !09B8 AC<<C @O40 

. 

18. #>;L7COAL @07;8G=K<8 <5B>40<8 8AA;54>20BL =0 AE>48<>ABL @O4  

. 

19. !09B8 >1;0ABL AE>48<>AB8 DC=:F8>=0;L=>3> @O40  



. 

20. �KG8A;8BL AC<<C @O40  A B>G=>ABL α = 0,001. 
21. �>AAB0=>28BL 0=0;8B8G5A:CN 2 >:@5AB=>AB8 B>G:8 z0 = 0 DC=:F8N f(z) ?> 8725AB=>9 
459AB28B5;L=>9 G0AB8 u(x, y) = e-y·cos x + x 8 7=0G5=8N f(0) = 0. 

22. �KG8A;8BL =5A>1AB25==K9 8=B53@0; 

. 

23. �KG8A;8BL 8=B53@0; 

. 

24. �>AAB0=>28BL 0=0;8B8G5A:CN 2 >:@5AB=>AB8 B>G:8 z0  DC=:F8N f(z) ?> 8725AB=>9 <=8<>9 
G0AB8 v(x,y)= y+2x∙y8 7=0G5=8N f(0) = 0. 



4  9FB8<K9E><9 @4F9D<4?O, BCD989?SRM<9 CDBJ98GDG BJ9A<64A<S 
;A4A<=, G@9A<=, A46O>B6 < (<?<) BCOF4 89SF9?PABEF<, I4D4>F9D<;GRM<I 

QF4CO HBD@<DB64A<S >B@C9F9AJ<= 

 

 � B01;8F5 ?@82545=K >?8A0=8O ?@>F54C@ ?@>2545=8O :>=B@>;L=>->F5=>G=KE 
<5@>?@8OB89 8 ?@>F54C@ >F5=820=8O @57C;LB0B>2 >1CG5=8O A ?><>ILN >F5=>G=KE A@54AB2 2 
A>>B25BAB288 A @01>G59 ?@>3@0<<>9 48AF8?;8=K. 
!08<5=>20=85 
>F5=>G=>3> 
A@54AB20 

"?8A0=8O ?@>F54C@K ?@>2545=8O :>=B@>;L=>->F5=>G=>3> <5@>?@8OB8O 
8 ?@>F54C@K >F5=820=8O @57C;LB0B>2 >1CG5=8O 

$0AG5B=>-
3@0D8G5A:0O @01>B0 
($�$) 

#@5?>4020B5;L =5 <5=55, G5< 70 425 =545;8 4> A@>:0 70I8BK $�$ 4>;65= A>>1I8BL 
:064><C >1CG0NI5<CAO =><5@ 20@80=B0 $�$. �040=8O $�$ 2K;>65=K 2 M;5:B@>==>9 
8=D>@<0F8>==>->1@07>20B5;L=>9 A@545 �01��& �@�'#%, 4>ABC?=>9 >1CG0NI5<CAO 
G5@57 53> ;8G=K9 :018=5B. $�$ 4>;6=0 1KBL 2K?>;=5=0 2 CAB0=>2;5==K9 ?@5?>4020B5;5< 
A@>: 8 2 A>>B25BAB288 A B@51>20=8O<8 : >D>@<;5=8N $�$ (B5:AB>2>9 8 3@0D8G5A:>9 
G0AB59), AD>@<C;8@>20==K<8 2 #>;>65=88 «&@51>20=8O : >D>@<;5=8N B5:AB>2>9 8 
3@0D8G5A:>9 4>:C<5=B0F88. !>@<>:>=B@>;L» (2 ?>A;54=59 @540:F88). $�$ 2 
=07=0G5==K9 A@>: A40NBAO =0 ?@>25@:C. �A;8 ?@54CA<>B@5=0 CAB=0O 70I8B0 $�$, B> 
>1CG0NI89AO >1JOA=O5B @5H5=85 7040G, C:070==KE ?@5?>4020B5;5<, 8 >B25G05B =0 53> 
2>?@>AK 

�>=B@>;L=0O @01>B0  

#@5?>4020B5;L =0 CAB0=>2>G=>< 70=OB88 4>2>48B 4> >1CG0NI8EAO: B5<K, :>;8G5AB2> 
7040=89 2 :>=B@>;L=>9 @01>B5. �>=B@>;L=0O @01>B0 4>;6=0 1KBL 2K?>;=5=0 2 
CAB0=>2;5==K9 A@>: 8 2 A>>B25BAB288 A ?@028;0<8 : >D>@<;5=8N (B5:AB>2>9 8 
3@0D8G5A:>9 G0AB59), AD>@<C;8@>20==K<8 2 #>;>65=88 «&@51>20=8O : >D>@<;5=8N 
B5:AB>2>9 8 3@0D8G5A:>9 4>:C<5=B0F88. !>@<>:>=B@>;L» 2 ?>A;54=59 @540:F88. 
�K?>;=5==0O :>=B@>;L=0O @01>B0 ?5@5405BAO 4;O ?@>25@:8 ?@5?>4020B5;N 2 
CAB0=>2;5==K5 A@>:8. �A;8 :>=B@>;L=0O @01>B0 2K?>;=5=0 =5 2 A>>B25BAB288 A 
C:070=8O<8 8;8 =5 2 ?>;=>< >1J5<5, >=0 2>72@0I05BAO =0 4>@01>B:C 

�>:;04 

�0I8B0 4>:;04>2, ?@54CA<>B@5==KE @01>G59 ?@>3@0<<>9 48AF8?;8=K, ?@>2>48BAO 2> 
2@5<O ?@0:B8G5A:8E 70=OB89. #@5?>4020B5;L =0 ?@0:B8G5A:>< 70=OB88, ?@54H5AB2CNI5< 
70=OB8N ?@>2545=8O :>=B@>;O, 4>2>48B 4> >1CG0NI8EAO: B5<C 4>:;04>2 8 B@51>20=8O, 
?@54JO2;O5<K5 : 8E 2K?>;=5=8N 8 70I8B5 

$07=>C@>2=52K5 
7040G8  

�K?>;=5=85 @07=>C@>2=52KE 7040G, ?@54CA<>B@5==KE @01>G59 ?@>3@0<<>9 48AF8?;8=K, 
?@>2>4OBAO 2> 2@5<O ?@0:B8G5A:8E 70=OB89. �> 2@5<O 2K?>;=5=8O 7040=89 @07@5H05BAO 
?>;L7>20BLAO CG51=8:0<8, A?@02>G=8:0<8, :>=A?5:B0<8 ;5:F89, B5B@04O<8 4;O 
?@0:B8G5A:8E 70=OB89 

�>=A?5:B 

�0I8B0 :>=A?5:B>2, ?@54CA<>B@5==KE @01>G59 ?@>3@0<<>9 48AF8?;8=K, ?@>2>48BAO 2> 
2@5<O ?@0:B8G5A:8E 70=OB89. #@5?>4020B5;L =0 ?@0:B8G5A:>< 70=OB88, ?@54H5AB2CNI5< 
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